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Abstract

Modeling dynamical systems with complex interactions remains a significant challenge
in computational science. While data-driven approaches offer flexibility, they often fail to
respect fundamental physical laws, leading to poor generalization and energy drift over
long time horizons. Although physics-informed learning, specifically Hamiltonian Neural
Networks (HNNs), addresses this by enforcing a symplectic structure on the prediction
vector field, standard HNNs are ill-equipped to handle real-world dissipative systems
characterized by friction and external forces. Furthermore, training these networks us-
ing iterative backpropagation is often computationally expensive and sensitive to hyper-
parameter tuning. To address these limitations, this work introduces the Random Dissi-
pative Hamiltonian Neural Networks (RDHNN), a framework that combines structure-
preserving deep learning with the non-iterative Sampling Where It Matters (SWIM) al-
gorithm. By decomposing the vector field into conservative and dissipative components,
the RDHNN simultaneously learns the Hamiltonian and a dissipative function. The net-
work constructs hidden layer activations from sampled data points and computes out-
put weights analytically which eliminates the need for iterative optimization. We eval-
uate the performance of RDHNN and a parameter efficient variant, the SharedRDHNN,
on benchmark dynamical systems including the damped single and double pendulums,
mass-spring systems, RLC circuits and Duffing and Morse oscillators. The proposed frame-
work demonstrates extreme training efficiency and achieves speedup factors of over five
orders of magnitude compared to Adam optimization while maintaining trajectory predic-
tion accuracy comparable to or better than that of standard neural networks and HNNs.
Furthermore, since it explicitly decomposes the system into conservative and dissipative
terms, it provides interpretable insights into the dynamical contributions of separate com-
ponents rather than functioning as a black box approximator.
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1. Introduction

Over the years, various machine learning techniques have been developed and extensively
studied across multiple fields such as computer vision [17], healthcare [62], robotics [86]
and reinforcement learning [63]. Among these different techniques, neural networks have
shown great success in learning complex functions from data and modeling systems across
many domains. Although these models are capable of fitting the data remarkably well,
their predictions can often violate or be inconsistent with the underlying dynamics of the
domain, especially when extrapolated to longer time horizons.

Consider a simple physical system with energy conservation. A neural network model
trained on a dataset of trajectories of the system can achieve high accuracy in reproducing
the local trajectories but over time may drift away into higher or lower energy states as
the simulation progresses [35]. To achieve better long term generalization on the learned
system, different biases can be introduced into the model architecture or the training pro-
cess to guide the model towards solutions that respect the underlying laws. The main idea
behind this work is to make the best use of the knowledge and physical laws that have
been derived over centuries of research instead of disregarding it completely by training
on the data only. These biases can take many forms such as known symmetries, conserva-
tion laws or other constraints that are known to be present in the system. Such networks
are referred to as physics-informed neural networks (PINNSs) [75]. These models are not
only useful to predict the dynamics of a system, but also to extract interpretable patterns
and information [52]. Across various fields, PINNs have been utilized to discover previ-
ously unknown physical properties of systems [83, 82]. In this thesis, we focus on learning
dissipative Hamiltonian systems using PINNs by imposing the Hamiltonian structure into
the model architecture and the training process. Previous work on learning both conserva-
tive and dissipative systems using PINNSs has been done [87, 35] using traditional gradient
descent based iterative optimization methods. However, these methods are often compu-
tationally expensive, require long training times [50], and are sensitive to initialization and
hyperparameters [91].

We take a different approach by sampling activations in the hidden layers and comput-
ing the output weights analytically and reach the same performance as the iterative opti-
mization methods with a fraction of the training time. We build on the work on sampling
Hamiltonian functions by Rahma et al. [73, 74] by extending the model to learn dissi-
pative systems as well. This extension makes the model significantly more flexible and
applicable to real world systems as many systems are dissipative in nature. In our pro-
posed framework, the physical priors are utilized in both the model architecture as well
as the optimization process through using the Hamiltonian structure and Rayleighian dis-
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sipation. The performance and trade-offs of the proposed methods are evaluated through
numerical experiments on various dissipative Hamiltonian systems.

We review the state of the art methods on the topic in Part II, where we introduce the
preliminary topics needed in Section 2.1, a review of data-driven learning of Hamiltonian
systems in Section 2.2 and neural network sampling algorithms in Section 2.3. In Part III,
we introduce our framework for learning dissipative Hamiltonian systems by sampling
networks and evaluate the performance of the proposed methods through numerical ex-
periments. Finally, in Part IV, we summarize our findings and discuss the potential future
work.
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2. State of the Art

This section covers the preliminary topics needed to understand the state of the art meth-
ods for learning Hamiltonian systems and dissipative systems using numerical methods
and machine learning techniques. We start by giving brief introductions to dynamical sys-
tems (Section 2.1.1), Hamiltonian mechanics (Section 2.1.2), numerical integration methods
(Section 2.1.3), least squares approximation (Section 2.1.4), Deep Feedforward Networks
(Section 2.1.5), and Helmholtz decomposition (Section 2.1.6). Following this, we cover the
state of the art methods on learning Hamiltonian systems from data (Section 2.2) through
physics-informed learning (Section 2.2.1), physics-informed learning for Hamiltonian sys-
tems (Section 2.2.2), and dissipative Hamiltonian systems (Section 2.2.3). Finally, we in-
troduce and review the literature regarding sampling neural networks (Section 2.3) with a
focus on the Sampling Where It Matters (SWIM) algorithm (Section 2.3.1).

2.1. Preliminaries

2.1.1. Dynamical Systems

Dynamical systems are a mathematical framework for describing the state evolution and
long term behavior of evolving systems. This framework provides tools to analyze trajec-
tories, equilibria, and stability of such systems [13]. Different fields like classical mechan-
ics, fluid dynamics, biology, chemistry, linguistics and economics use dynamical systems
to make predictions about the behavior of phenomena [88]. At its core, dynamical systems
consist of a set of rules that govern the evolution of a system. Over time, denoted by ¢ € T,
the state of the system changes according to these rules, where 7' is the set of numbers that
represents time [72].

When T represents discrete time (I' = Z), the dynamical system becomes a map that
transforms the system’s state at time ¢ to the state at time ¢ + 1. Amap f : X — X is
defined as

[ =fogm
for each n € N where X is the state space of the system. The base condition for the recursive
definitionis f° = id, where id is the identity map [4]. These systems are called discrete time
dynamical systems. When 7" represents continuous time (7' = R), it is called a continuous
time dynamical system. These systems use a map ¢’ : X — X that transforms an initial
state, z, to a state at time ¢, denoted by z;, by

Ty = <Pt($0)-
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A family of such maps where ¢° = id and ;s = ¢’ o ¢* for every ¢, s € R is called a

flow [4]. For a flow ¢,
SOt+s — (,Ot o sOs

for every t,s € T. This property of the flow signifies the autonomous behavior of the
system, where the state of the system over ¢ + s units of time can be obtained by first
calculating the state of the system over s units of time and then applying the flow over ¢
units of time. Autonomous systems are obtained for systems where the rules governing
their evolution do not depend on time. An autonomous system of first order ordinary
differential equations (ODEs) has the form

&= f(x)

where f : RY — R%is a vector field, z(t) € R? is the state of the system at time ¢ and 4 is
the time derivative. In their component form, the state and the system can be defined as

= (x1,22,...,2q9) and f(x) = (fi(z1,22,...,2a),- .., fa(x1,22,...,2q)).

2.1.2. Hamiltonian Mechanics

Named after its pioneer, Sir William Rowan Hamilton, Hamiltonian mechanics is a formu-
lation of dynamical systems in which the evolution of a system is described by Hamilton’s
equations of motion [40, 41]. It is frequently used in various fields like thermodynamics,
quantum mechanics and statistical mechanics [31, 68, 3, 78].

Although it is based on Lagrangian mechanics and is equivalent to both Lagrangian and
Newtonian mechanics, the Hamiltonian formalism introduces a convenient geometric in-
terpretation of the system. In this formalism, the state evolution of a system is represented
as a flow in phase space and based on an energy-like quantity, the Hamiltonian.

The Hamiltonian of the system is taken to be a function of position q and momentum p,
denoted by H(q, p). This representation allows us to represent the system in a phase space
with coordinates q and p. When modeling the same system, a second order Lagrangian
formulation that has n independent coordinates will require 2n initial conditions. How-
ever, when modeled using the Hamiltonian formalism, the same system can be defined
with 2n first order equations. In the scope of this thesis, reducing the order of the equa-
tions for the price of doubling the number of equations will be beneficial since first order
methods are more convenient to work with [12].

Using this formulation, the evolution of a system can be defined using ODEs in terms of
the rate of change, &; = dxéft) as functions of the coordinates in a Euclidean state space = =
(z1,72,...,74) € X = R? in continuous time dynamical systems. A Hamiltonian system
is defined on a phase space, X C R¢ x R?, with coordinates (q1, g2, . . ., ¢n, D1, P2, - - - » Pn) OF

(q, p) in vector form. Within the system, the Hamiltonian is defined as # : X — R. The




2.1. Preliminaries

laws of motion in Hamiltonian systems are defined to be

oM,
q= é;p) = VpH(q;p), (2.1)
e T TN} 22)

where ¢, p, ¢ and p are the position, momentum and their time derivatives respectively in
vector form. Hamilton’s equations (Equation (2.1) and Equation (2.2)) hold for all z € X
and t € T. For an autonomous Hamiltonian system, the Hamiltonian does not depend
on time and its value is constant along any Hamiltonian flow curve in the phase space.
This property represents the conservation of energy as the system evolves in time. This
property can be demonstrated with

d _OH dq OH dp
%H(Q(t)m(t)) = ?qﬁ+7p§

_OH OH OH OH
C9q 9p I Oq
=0
for all z € X where we write H instead of (g, p) and ¢ and p instead of ¢(t) and p(t) for
brevity. This property can also be interpreted as the conservation of energy in mechanical
systems, where the Hamiltonian is equivalent to the total energy of the system. In many
such cases, the Hamiltonian can be defined as H = T + V, where T is the kinetic energy
and V is the potential energy of the system.
From Hamilton’s equations, we can see that the time evolution of the system is in the

direction of Sy = (%, —%—7('1‘) where S is a vector field over the input space &'. This vector

field is called the symplectic gradient. While the gradient of a function is a vector field
that points in the direction of the steepest ascent, the symplectic gradient conserves the
Hamiltonian constant along the flow. That is, the system’s trajectory in its phase space
draws a contour line where # is constant. Integrating the system using the dynamics
given by the symplectic gradient conserves the total energy of the system. Equation (2.1)
and Equation (2.2) can be reformulated as a linear system of equations as

J - VH(z) —v(x) =0, (2.3)

where
0q 14
—1I; 04

is the identity matrix, and 04 is a d x d square matrix of zeros. In this thesis, we will
assume that the flow map of a Hamiltonian system is symplectic, as Poincaré showed
in [38, Chapter VI.2], given that no dissipation or other external forces are acting on the
system. Definition 2.1 defines a symplectic map.

J — |: :| c {0’1}2d><2d’ Id c {0,1}d><d
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Definition 2.1 A differentiable map ¢ : X — X is symplectic if
(@) T plx) =7,
where @' (x) is the Jacobian of p(x).

Later on in this work where other methods are introduced for systems in which the
Hamiltonian is not conserved, this assumption will still stand. However, the Hamiltonian
approximations will be broken down into conservative and non-conservative parts.

2.1.3. Numerical Integration of Ordinary Differential Equations

As shown in the previous sections, the equations that predict the evolution of Hamilto-
nian systems in this thesis are frequently given in the form of ODEs. Once the governing
equations are obtained, we need tools and methods to use those equations to approximate
the evolution of the system over time, starting from a state x. This is called an Initial Value
Problem (IVP), where the system state is approximated at different time steps, to, t1,. ..,y
starting from an initial state xo with a time step of At = ¢, —t,_1 = h.

The core idea behind many numerical integration methods is to use discretization to
approximate the derivatives, which are otherwise continuous. The Taylor series expansion
of a function y(¢) is given by

1 1
y(t+ At) = y(t) + Aty (t) + 5At%/’(t) + 5At%/”(t) +...
_ i (At)*

£kl

where y(¥)(t) denotes the k-th derivative of y(t). If we only use the first term of this
series, it becomes

y (1),

y(t+ At) = y(t) + Aty'(t) + %Aﬁy”(ﬂ

where 7 is some value between t and ¢ + At. From this, we can approximate the deriva-
tive as
t+ At) —y(t
At
Plugging this expression into the truncated Taylor series, we get

y(t + At) = y(t) + Aty (t).

This is called the Explicit Euler method. When applied to our Hamiltonian system, our
update equations become

dn+1 = Qdn + At vp%(QTL?pn)

(2.4)
Pn+1 = Pn — At qu(Qnupn)

10
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Figure 2.1.: Area preservation in phase space for the normalized pendulum problem
through symplectic integration, taken from [39].

where ¢, and p,, are the position and momentum at time ¢,,. This method is first order
accurate, meaning that the error is proportional to At. Using the first n terms of the Taylor
series rather than just the first term, we can get a more accurate approximation. However,
this requires the function to be differentiable n times and increases the computational cost.

Although these Taylor Expansion based methods are simple to implement and can be
applied to a wide range of systems, they are not suitable for Hamiltonian systems. This
is because they are not symplectic and do not preserve the Hamiltonian when integrated.
Symplectic integrators [80, 39, 27, 15], are volume preserving in the state space and pre-
serve the Hamiltonian.

Figure 2.1 shows the level curves of the normalized pendulum problem in phase space
and illustrates the symplectic integration of areas A and B on flow ¢’. Although the shapes
look vastly different, the areas of A and ¢(A) and B and ¢(B) stay constant. The symplec-
tic Euler method for Hamiltonian systems admits two semi-implicit integration schemes,

depending on the order in which ¢ and p are updated. The first variant, known as the
g-first semi-implicit scheme is given by

dn+1 = qn + h - va(Qn-i-lapn)v (2 5)
Pn+1 = Pn — h - qu(Qn—i-lapn)-

Alternatively, the p-first semi-implicit (symplectic Euler) scheme updates p before g as

Pn+1 = Pn — h - qu(Qn)pn-‘rl): (2 6)
Gn+1=Gqn +h- va(Qnypn—I—l)-

Both these methods are semi-implicit. However, for separable Hamiltonians, these equa-
tions can be solved explicitly, without the need for any implicit terms or fixed point itera-

11
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tions. In mechanical systems, the Hamiltonian is often separable since the potential energy
is a function of the position and the kinetic energy is a function of the momentum. Equa-
tion (2.5) can be formulated as

Qn+1 = Qn + h - VpH(Qn+1apn) =qgn+h- va(pn)a

(2.7)
Pnt1 =pn—h- qu(CInerpn) =pp—h- VqU(QTLJrl)-

where T"and U are the kinetic and potential energies respectively. In this case, V,H(¢n+1, Pn)
and V,H(qn, pn) are equal if the Hamiltonian is separable, since the partial derivative with
respect to p is independent of q.

In this thesis, other integration methods -both symplectic and non-symplectic- are tested
and utilized. Some of these methods are higher order methods that use function eval-
uations at multiple locations to approximate the derivative, like symplectic Runge-Kutta
methods [105], Stormer-Verlet method [26] and Implicit Midpoint method [85]. These sym-
plectic methods have been studied for Hamiltonian systems [102, 38, 81, 92] and large scale
problems [71, 104]. An important point to consider when choosing an integration method
in our case is the fact that when training neural networks that use these integrators, the
backpropagation will often need to flow through the integrator as well. For this reason,
integrators that can be reformulated explicitly are preferred over implicit ones in certain
cases.

2.1.4. Least Squares Method

In many practical problems, we are faced with situations where the number of measure-
ments exceeds the number of unknowns, and an exact solution to the resulting system
of equations does not exist. For example, when fitting a model to experimental data, we
often have multiple noisy observations that cannot be perfectly described by any single
parameter set. In such cases, rather than seeking an exact fit, the goal is to find the model
parameters that approximate the data as closely as possible. In this thesis, we use the least
squares method to solve for weights and biases of the last layer of the network, as will be
explained in Section 3.1.

Let A € R™*" and b € R™, where m > n. Such systems are called overdetermined since
there are more equations than unknowns. A vector * € R" that minimizes the residual
error is defined as

I711* = [|AZ — b||?

where || - || is the Euclidean norm, is said to be the least squares solution to the system
and can be defined as

z* = argmin ||7]|* = arg min || AT — b|?.
x T

12
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This minimization problem can be solved using normal equations as

|AZ — b||> = (AZ — b)T (AZ — b)
=77 AT Az — 28" ATb + b7b.

If we take the gradient of the residual error with respect to = and set it to 0, we get the
normal equations to be

0=V|AZ - b)?|_..,
0 =247 A7* — 247,
= ATh= AT Az

Hence, a well-defined linear system is obtained. Although this method is simple to
implement, the A7 A terms can be ill-conditioned since

k(AT A) = | AT A|| - [|(ATA) 7
= |ATA| - A71(AT)
< JJAT|| - JA] - AT AT )
= (Kra(A4))?

where k,¢(A) denotes the relative condition number of A. In this thesis, in order to get
around this condition number issue, least squares methods which use singular value de-
composition (SVD) or QR decomposition are utilized. Specifically, the 1 st sq method from
numpy .linalg [42] and the scipy.linalg [97] library are used. These two libraries
both use LAPACK [2] routines that take advantage of the said SVD and QR methods.

2.1.5. Deep Feedforward Networks

Deep Feedforward Networks, also known as Multilayer Perceptrons (MLPs), are a class of
neural networks that are composed of multiple layers of artificial neurons. They are called
feedforward because the information flows in one direction, from the input layer to the
output layer, without any feedback loops [33]. At its core, MLPs are used to approximate
functions by learning the parameters of the network. For instance, in a regression problem
similar to the problems seen in this thesis, the MLP maps a vector of inputs to a scalar
output or a vector of outputs. We utilize these networks to parameterize the Hamiltonian
calculation and to predict the time evolution of the system.

In this thesis, we follow the notation of Bolager et al. [10] and Rahma et al. [74]. Let
® : X — Y be a feedforward network with L hidden layers and Ny, neurons per layer. The
network is defined to be

13
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x, forl =0,
oW (z) = L oW @V () — b)), for0<1<L,
W@ (z) — by, forl=L+1.

where W; and b; are the weights and biases of the [-th layer with dimensions V; x N;_;
and N, respectively, and o is the activation function. When denoted without the super-
script, ®(z) is the output of the network for input z, i.e. ®(x) = &L+ (z),

The choice of activation function o (e.g., ReLU, tanh, or GELU) [65] crucially influences
the expressivity and optimization landscape of the network. Nonlinear activations enable
MLPs to represent complex mappings, while the number of layers and neurons controls
the model’s capacity and generalization behavior.

The parameters W;, b; are optimized by minimizing a loss function £ that measures the
discrepancy between predicted and target outputs, typically using stochastic gradient de-
scent (SGD) or one of its variants such as Adam [54]. Backpropagation is employed to
compute the gradients of £ with respect to each parameter efficiently through recursive
application of the chain rule.

2.1.6. Helmholtz Decomposition

In a Hamiltonian system, the vector field S is the symplectic gradient of the Hamiltonian
H. This forces the vector field to be conservative and the Hamiltonian to stay constant.
However, purely conservative systems are rare in practice as dissipative forces or external
driving forces are often present on real world systems. In order to model such cases, a
mathematical tool called the Helmholtz decomposition is used to split the vector field into
separate conservative and dissipative components [9, 101, 87].

Ground Truth Field (g, p) Trrotational Component (V x § = 0) Rotational Component (V- S = 0)
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Figure 2.2.: Helmholtz decomposition of a 2D vector field. The original vector field is
shown in the left panel. The irrotational component is shown in the middle
panel. The rotational component is shown in the right panel.
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Figure 2.3.: Reconstruction from the Helmholtz decomposition for a 2D vector field. The
original vector field is shown in the left panel. The reconstructed vector field
is shown in the middle panel. The error is shown in the right panel.

The Helmholtz decomposition, named after Hermann von Helmholtz, states that a smooth
vector field S can be decomposed into a fully rotational component S, and a fully irrota-
tional component S;o [98]. This expression is given by

S = Sirrot + Srot = VQb +V X A7 (28)

where ¢ is the scalar potential and A is the vector potential. In this thesis, the decom-
position is calculated using the two-potential method described in Algorithm 1. First, the
divergence and curl of the input vector field are computed using finite differences across
the grid. Two Poisson equations are then solved: V?¢ = div(S) for the scalar potential ¢,
and V21 = w for the stream function ¢, where w = V x S is the vorticity. Both equations
use a discrete Laplacian matrix with specified boundary conditions (typically periodic for
smooth fields). Finally, the irrotational component is computed from the gradient of the
scalar potential Sirot = V¢, and the rotational component is computed from the perpen-
dicular gradient of the stream function Syt = V¢ = (—9v/dy, 0 /0x).

This approach ensures both components are mathematically consistent and numerically
exact within discretization errors. Algorithm 1 gives the steps to perform the Helmholtz
decomposition. Figure 2.2 and Figure 2.3 show the results of the Helmholtz decomposition
and the reconstruction from the decomposition, respectively.
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Algorithm 1 Helmholtz Decomposition of 2D Vector Field

1:

I T

—_
N

N e
S 9 ®

21:
22:
23:
24:
25:
26:

Input: Vector field F = {(F,(i,7), Fy(i,j)) | © € [1,H],j € [1,W]}, grid spacing
(Az, Ay), boundary conditions BC
Output: Irrotational field Fjot, Rotational field Fyot
Step 1: Compute divergence and curl fields
fori=1,2,...,H do
forj=1,2,...,Wdo oF
dive(i. ) < %oy a6
(i) = Tl — Bl
end for
end for
Step 2: Solve Poisson equations for scalar potential and stream function
Construct discrete Laplacian matrix A € RV*V with BC
Solve linear system: A¢ = divg for scalar potential ¢
Solve linear system: A1 = w for stream function v
Step 3: Compute irrotational component from gradient of scalar potential

fori=1,2,...,Hdo

forj=1,2,...,Wdo

Firrot(i,j) — VQZ)(%]) = (%‘(i,j)’ ?T(; (z’,j))

end for

end for
: Step 4: Compute rotational component from perpendicular gradient of stream func-

tion
fori=1,2,...,Hdo

forj=1,2,...,Wdo
Frot(ivj) — VL¢(Z7]) = (_% (4,9)’ g% (%J))
end for
end for

return Fi.o, Frot

16
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2.2. Data Driven Learning of Hamiltonian Systems

2.2.1. Physics Informed Learning

Classical and numerical models when modeling dynamical systems have been the back-
bone of modern scientific and engineering simulations. They are researched extensively
and are mostly well understood with uses in many fields from solid mechanics and struc-
tural analysis [110], computational fluid dynamics [29, 96] to quantum mechanics and
more [16]. Partial differential equations (PDEs) are often solved using numerical methods
like finite difference, finite volume or finite element methods. However, these methods
usually have underlying assumptions about the physics and the geometry of the system
and require explicit knowledge about the governing PDEs. For instance, Turbulence mod-
els in Reynolds-Averaged Navier-Stokes (RANS) or Large Eddy Simulation (LES) rely on
closure relations (e.g., eddy viscosity models) that are hand-crafted from empirical or semi-
theoretical formulations [70]. Another example is the Lattice Boltzmann method which re-
lies on a fixed lattice topology and an assumed equilibrium distribution function derived
from the Boltzmann equation, which must be specified beforehand [89].

Despite significant advances, modeling and predicting the dynamics of nonlinear mul-
tiscale systems characterized by complex interactions remain extremely challenging us-
ing traditional analytical or computational methods. These approaches often incur high
computational costs and are susceptible to various sources of uncertainty, making them
impractical for many real-world scenarios [52].

To address this limitation, data-driven learning approaches have been developed to
model the behavior of dynamical systems directly from observational data through Gaus-
sian Processes [66, 8, 6] and other machine learning architectures [49, 58, 76, 48]. These
methods leverage machine learning architectures to approximate complex system dynam-
ics without requiring explicit knowledge of the governing equations. However, black-box
models like these often perform well only over short time horizons where they accurately
reproduce local trajectories but tend to drift over long rollouts. This phenomenon leads to
violations of energy conservation, symmetries or other physical invariants.

Rather than disregarding the rich mathematical structure that has been revealed through
centuries of theoretical and experimental research, it is essential to incorporate this in-
trinsic knowledge into our models. Physics-informed learning addresses this by inject-
ing inductive biases that mirror the governing laws either as soft constraints that penalize
PDE/ODE residuals or hard constraints baked into architectures that preserve structure by
construction. Such networks are called physics-informed neural networks (PINNs) [75].
By embedding physical constraints as inductive biases, these methods guide models to-
ward solutions that respect known governing principles while learning from data. This is
particularly useful in data-scarce problems typical of scientific applications. Karniadakis
et al. [52] categorize the biases into the following three categories:

¢ Observational bias: Incorporating physical knowledge through training data that
inherently captures the underlying physics or through strategically designed data
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augmentation techniques. When models are trained on these physically meaningful
datasets, they naturally learn to approximate functions, vector fields and operators
that preserve and reflect the physical structure present in the observations [57, 59].

¢ Inductive bias: Embedding physical principles directly into the neural network ar-
chitecture through structural constraints that enforce compliance with fundamental
laws. This approach modifies the model’s parameterization to guarantee outputs
that inherently satisfy physical constraints like energy conservation, symplecticity
or certain boundary conditions. This deep integration of the physical laws into the
architecture makes the predictions strictly satisfy them instead of softly guiding the
solution. Examples include geometric deep learning approaches [14] and kernel flow
methods [67].

* Learning bias: This approach tackles the problem from a different angle. Rather than
changing or manipulating the model’s architecture, the physical laws are enforced
softly by penalizing the violations in the loss term. For instance, in an incompressible
fluid flow problem, the divergence of the velocity field is ideally zero. In order to
enforce this constraint, the divergence of the predicted velocity field can be used in
the loss term [51]. A similar logic can be used to enforce monotonicity, conservation
of mass, or momentum. Researchers have also used this approach in auto-regressive
models, deep Galerkin methods, general adversarial networks and more [30, 109, 99].

2.2.2. Physics-informed Learning for Hamiltonian Systems

Two main directions are taken when applying these techniques to Hamiltonian systems.
Researchers have either focused on learning the Hamiltonian directly or predicting the
time evolution by learning the flow map of the system. Bertalan et al. [8] use a loss function
that consists of weighted sums of different losses, £ = Y"}_, ¢, f2 when modeling time
dependent Hamiltonians where

fi=qd—d=V,H—4q, fo=p—p=—-V,H—p,
R dH . ~
J3 = H(xo) — Ho. fa= dat =V, Hq+ V,Hp,

o~

where the values with ( - ) represent the predictions. Here, f; and f> represent the loss in
predicted gradients using Hamilton’s equations, f3 is used to fix the integration constant
for the Hamiltonian value and f; represents the time dependence of the system. It is worth
noting that except for f3, all loss components operate solely on the gradients of the output
using automatic differentiation [5] and the network is evaluated based on the Hamiltonian
outputs.
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2.2. Data Driven Learning of Hamiltonian Systems

Figure 2.4.: An illustration of the HNN architecture that models the Hamiltonian and out-
puts time-derivatives according to Hamilton’s equations.

Similarly, Greydanus et al. [35] have introduced Hamiltonian Neural Networks (HNN).
In their approach, instead of predicting the S vector field, they learn a parametrized func-
tion for the Hamiltonian. During the forward pass, the network uses g and p coordinates to
predict the scalar Hamiltonian (or a Hamiltonian-like) value. Following this, in-graph gra-
dients of the scalar with respect to ¢ and p are computed using automatic differentiation.
Using Hamilton’s equations as in Equation (2.1) and Equation (2.2), the time derivatives of
g and p are approximated. Finally, an L? loss is computed between the predicted and true
time derivatives as

0Hy Oq
EHNN = % - E

0Hy Op
oq | ot

a

where Hy represents the parametrized Hamiltonian. Figure 2.4 shows a schematic illus-
tration of this architecture. An important property of this approach is that different from
the previous example by Bertalan et al., this model learns an “energy-like” quantity rather
than the Hamiltonian itself. This is a consequence of learning the gradients of the function
only without approximating an integration constant.

The fact that the loss is computed using the gradients of the network enforces the satis-
faction of the Hamiltonian equations. As a result, Greydanus et al. demonstrate that the
HNN is able to conserve an energy-like quantity throughout its predictions whereas the
baseline model drifts away in its predictions with time. In their analysis, they use the RK4
integrator to compute the dynamics. This architecture also allows one to “add or remove
energy” by taking a step in the direction of the Riemann gradient Ry, = (%—Z, %—7;), where
this corresponds to increasing or decreasing the energy-like quantity of the system.

Similar to this formulation, researchers have also developed other architectures that
use the Lagrangian of a system. Lagrangian Neural Networks (LNN) learn a system
through its Lagrangian and this eliminates the need for the canonical momentum coordi-
nates [23, 100]. Furthermore, in another work, researchers have applied a similar method
on various graph neural network (GNN) architectures and integrators and found that con-
straining models to respect Hamiltonian structure yields improved generalization and ac-
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curacy [79]. In contrast, non-Hamiltonian models may perform well under specific train-
ing conditions but fail to generalize across integrators. Chen et al. [19] have included
Hamiltonian preservation as a constraint in their Symplectic Recurrent Neural Networks
(SRNNSs) and reported that it improved the long term stability of the system. Separable
HNN architecture by Khoo et al. [53] forces the separability of the Hamiltonian as an
inductive bias into the network architecture.

Outside the physics domain, Hamiltonian formalism has also been applied to genera-
tive models. In this direction, Toth et al. [94] have introduced the Hamiltonian Generative
Networks (HGN) where they learn the Hamiltonian dynamics from the pixel space of the
images. They hypothesize that the images that depict the dynamics of a Hamiltonian sys-
tem also lie in a manifold in the pixel space and the movement within this manifold fol-
lows the Hamiltonian dynamics. Combining this idea with General Adversarial Networks
(GANSs) [34], Hamiltonian GANs combine an HNN module with the GAN architecture to
produce conservative dynamics [1].

2.2.3. Dissipative Hamiltonian Systems

Although the research discussed in Section 2.2.2 is highly effective for learning Hamilto-
nian systems, these methods are not directly suitable for dissipative systems. Real world
systems are often of dissipative nature. The data is often subject to friction and external
forces. These conditions violate the conservation of the Hamiltonian.

Desai et al. [25] demonstrate why damping in the system cannot be directly included
in the Hamiltonian using a simple damped mass-spring system. This system has 2 force
components, the spring force Fypring = —kq and the damping force Fyomp = —d¢ where
k is the spring constant and ¢ is the damping coefficient. Using Newton’s second law the
equation of motion is given by

mq=F = —-kq—dq
if we set m = k = 1, the equation becomes
q=-q-4q.

If we then integrate the right hand side of the equation with respect to q under the
assumption that the potential energy is a function of q, we get

) 1 )
/q 54 dq = fquqf sq’q+ec.

Using this as the potential energy, the Hamiltonian can be written when we sum with

the kinetic energy as

1 1 .
H=—p'p+-q'q+dq’q+c
2m 2
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When we apply Hamilton’s equations to this Hamiltonian, we get

OH
o5 —dtoa#a,
p
OH D
—8*:—q—5q:q:p-
q
for when ¢ = p for m = 1. In this formulation, although — Pt recovers the correct term,

%H only holds when the damping coefficient is zero.

To address this issue, Sosanya et al. [87] have proposed the Dissipative Hamiltonian
Neural Network (DHNN) structure where they extend the capabilities of the vanilla HNN.
DHNN consists of two sub-networks, one yields the Hamiltonian (conservative) function
as before and the other yields a Rayleighian dissipative function D as two scalar outputs.
The Rayleighian dissipative function is frequently used to model velocity dependent forces
in Hamiltonian mechanics [22, 61]. A metriplectic system is a mathematically consistent
combination of Hamiltonian (symplectic) and dissipative (metric) dynamics.

In the DHNN, the gradients of the scalar outputs are combined to yield the time deriva-
tives of the system as

. 0D OH
q_87q+%’
0D OH
dp Oq

This approach makes use of the Helmhotz decomposition (Section 2.1.6) to separate the
conservative and dissipative components. The Hamiltonian vector field is rotational w.r.t
the input space and the dissipative vector field is irrotational. The rotational part conserves
the Hamiltonian while the irrotational part models energy dissipation (or addition). Fig-
ure 2.5 shows a schematic illustration of the DHNN architecture. During training, the aim
is to learn this decomposition implicitly through the loss function

(2.9)

OH OD
o= | (3222) -2

+8q

87—( JD\ Op
op ot

In the original HNN paper, the authors used a forward Euler method to integrate the
Hamiltonian, as discussed in Section 2.1.3. Further research by David et al. [24] has shown
that this method introduced an artificial lower bound to the loss they experimented with
using symplectic Euler and midpoint integration. They introduced Symplectic Hamilto-
nian Neural Networks (SHNNs). The midpoint rule is given to be

Tnil = Tn +hJ 'VH (W) . (2.10)
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Dissipative Subnetwork

Dissipative Gradient

Symplectic Gradient

Hamiltonian Subnetwork

Figure 2.5.: llustration of DHNN, described in [87].

The loss function used in SHNN is defined as

2

Tp4+1l — Tn _
Lsunn = % — J'VH(s(n, Tny1)) (2.11)

L2

where s(xg, z1) corresponds to a symplectic integration scheme.

Zhu et al. [108] have performed a numerical error analysis on multiple parts of the
network and illustrated the importance of using symplectic integrators. Theoretical anal-
ysis demonstrates that HNN variants utilizing symplectic integrators can guarantee to
have well-defined network targets, whereas non-symplectic integrators can not. They
also mathematically show that the expected network error is broken down into different
sources in Figure 2.6 may not exist for non-symplectic integrators since not every vector-
valued function is the gradient of another scalar function, causing the network target to
not exist in the first place.

It is important to note that in the direct numerical integration of ODEs, implicit schemes
such as the symplectic Euler or midpoint methods typically require iterative fixed-point
solvers at each timestep which results in increased computational cost compared to ex-
plicit methods. However, during the training phase of HNNSs, since the true trajectory
pairs (x,, ,+1) can be made available, there is no need to solve for unknown future states
at each step. Consequently, training HNN's with implicit symplectic methods incurs no ad-
ditional computational overhead compared to explicit methods. However, it is important
to note that during inference, the network must use the same integrator as was used dur-
ing training. In particular, if an implicit integrator was used during training, then during
the forward pass at inference time, it is necessary to solve an implicit equation involving
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Hypothesis Space

fnet Optimization Error fopt Generalization Err. foest fApproximation Error N1'  Target Error 1T
[ »@e

Expected Total Error

Figure 2.6.: Illustration of sources of error in learning Hamiltonian systems with neural
networks as described by Zhu et al. [108]. fyet is the network function, fopt
is the optimal function with minimum loss, fiest is the closest function to the
network target, NT is the network target and 7'T is the true target.

the neural network. This can require fixed-point iteration or root finding at each timestep,
especially when modeling non-separable systems. For separable systems, some implicit
methods can reduce to explicit schemes and thus do not require this additional solve.

Further research has been done on incorporating thermodynamics into the models where
thermodynamics is considered to be a theory of theories [36]. An important example of this
inclusion is Structure Preserving Neural Networks (SPNNs) [45] which are a type of NN
that is trained to satisfy the 1st and 2nd laws of thermodynamics. These networks are
based on the General Equation for the Non-Equilibrium Reversible-Irreversible Coupling
(GENERIC) formalism [37]. GENERIC has been commonly used in dissipative systems
and integration schemes [32].

This GENERIC formalism employs two operators and two potentials. The two operators
are L and M which are bundles of vector fields and the two potentials are the energy
potential E(z) and the entropy potential S(z). Similar to the DHNN architecture, this
formalism also utilizes the energy field to model the conservative part of the dynamics
and the entropy field to model the dissipative part. The time evolution of the system is
given by

dx oOFE 0S8
= Lo M- (2.12)

In the conservative (reversible) part, the L operator is a Poisson matrix and is skew-
symmetric. In the dissipative (irreversible) component, the operator M is the positive
semi-definite and symmetric friction matrix to facilitate the energy dissipation. Further-
more, two degeneracy conditions are imposed in the formulation as

oS OF
ox _M87x_

0, (2.13)

to induce the satisfaction of the first and second laws of thermodynamics. These condi-
tions show that energy potential does not affect the entropy generation of the system and
vice versa. The GENERIC formalism [37] shows this property by plugging the conditions
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into the equation as

OF OEdr OF/ OF oS
5w di = o M o) =0 219
which shows the conservation of energy in the system and
oS 0Sdx 0SS/, OF oS a8 . 08
ot  Ox dt 0Ox (L Ox M 8;10) Ox M Ox — 0 @15)

which shows the entropy generation. The L and M matrices of the system are already
known. Using these matrices, SPNNs integration algorithm outputs the A and B matrices
that approximate the discrete gradients of the energy and entropy potentials as

AE _

Ax

Ax, Ay Bzx.

Building on this formalism, Port-Metriplectic Neural Networks [43] were introduced.
These networks add boundary terms for the energy and entropy potentials to model the
interactions between subsystems. They illustrate this with a viscoelastic double pendu-
lum system where each pendulum is modeled as a subsystem that exchanges energy and
entropy with the surrounding systems.

Researchers have also applied the GENERIC formalism and SPNNs to graph neural net-
works [93, 44]. In these models, they impose inductive biases on both the geometry and
the thermodynamics of the system. The architecture can be modified to apply these princi-
ples either locally on the node level or globally on the graph level. The global imposition is
a more strict constraint than the local one. However, it requires the assembly of the global
Poisson and dissipation matrices, which breaks the local structure of the graph networks
and increases the computational cost. Local imposition preserves the node-by-node struc-
ture and can be more efficient. Aside from accurately modeling the system, these models
can also provide information about the underlying physics of the system, as they output
the L and M matrices, mentioned in the SPNN example.

Further research has been done on mesh based GNNs [69] where the simulation state
is encoded as a graph. They use both mesh-space and world-space to do their calcula-
tions. Mesh space can model differential operators related to the underlying physics while
world-space handles the external dynamics like collisions and contact. These models can
run 1-2 orders of magnitude faster than the simulation on which it is trained and can sup-
port adaptive remeshing of the geometry.

Another research direction is taken on learning the Hamiltonian flow by using neural
networks to approximate the right-hand-side of the ODE where the loss function includes
the error in observed trajectory and predicted trajectory. This architecture is called Neural
ODE (NODE) [18]. Building on this architecture, Symplectic ODE Nets (SymODEN) [107]
were proposed in the control setting where external forces on the system are also consid-
ered. This proposal was followed by Dissipative SymODEN where the energy dissipation
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is also considered [106]. These additions allowed these models to be applied into different
areas in robotics and control [28].

These models are frequently combined with the port-Hamiltonian [95, 60, 20] formalism
to model dissipative or time-dependent systems with driving forces. This formalism ex-
plicitly models the total energy, dissipation and external forces on the system. The frame-
work can be defined as

q 0 I on 0
H - Q—I 0] D(q)> (g}} ’ g(q)] . (2.16)
p

where u represents the external forces, D(q) represents the dissipation matrix and g(q)
is the input matrix, using the notation of Zhong et al. [106]. It can be seen that when the
dissipation and input matrices are zero, the framework yields the original Hamiltonian
formalism.

Port-Hamiltonian Neural Networks (port-HNNs) [25] implement this framework for
dissipative and time-dependent systems. They replace the dissipation matrix D(q) with a
constant damping term at the lower right quadrant, N. They also replace the input matrix
g(q) with a time-dependent force field F(¢). These substitutions yield

: on
[g] :Q_OI é]+[8 J(\)TD 573 * F(()t) (2.17)
op

They use 3 separate networks. The first network is a regular HNN that models the
conservative dynamics, the second network is a scalar network that models the damping
term N and the third network takes the time, ¢, as input and models the force field F(t).

2.3. Sampling Networks

The main focus of research in the ML area has been on traditional iterative optimization
algorithms such as stochastic gradient descent (SGD) [11], Adam [55] and RMSProp [46].
These methods can face various challenges like sensitivity to initialization and hyperpa-
rameters [91], poor conditioning [77], gradient issues during backpropagation [7] or slow
convergence [50]. Instead of this iterative non-convex optimization, sampling all the hid-
den layer weights and biases and using a linear learned layer for the output is studied. This
sampling can be random or according to some distribution [90]. Such networks are known
as Random Feature Models (RFMs). Single layer RFMs such as shallow neural networks
(SNNs) [84] and Extreme Learning Machines (ELMs) [47] share the idea of transforming
inputs through a randomly selected nonlinear mapping and training only a simple linear
output layer.
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2.3.1. Sampling Where It Matters (SWIM)

Random Feature Models compared to gradient based optimization come with trade-offs.
The methods are often data-agnostic and require the selection of a probability distribution
which manifests as many hyperparameters that need to be tuned. Another disadvantage
is that these methods usually require a large number of neurons to match the traditionally
trained networks. Bolager et al. [10] introduced the Sampling Where It Matters (SWIM) as
a data-driven neural network sampling algorithm. This approach significantly reduces the
number of hyperparameters that require manual tuning such as the learning rate, number
of epochs, batch size or choice of optimizer and makes the training process more efficient
as the same hyperparameters can accommodate a broader range of target functions and
network architectures. Furthermore, the hyperparameters are fixed for a given activation
function in this method. In their paper, they prove that SWIM sampled networks are able
to approximate large family continuous functions and are universal approximators. The
heuristic for the weights and biases is to make them close to the gradients of the target
function. Definition 2.2 gives the definition of a SWIM sampled network.

Definition 2.2 (SWIM Sampled Neural Network) Let ® be a feed-forward neural network.
Forl =1,...,L, let {(:véll),x&))}fv:’l C X x X. If for each layer | and neuron i the weights

and biases are
(2) (1)

L1~ L1y 1
= syl Ly 2 )+ s, (2.13)
H“’l—u - xl—uH

then @ is called a SWIM sampled network, where || - || is the L?>-norm and (-, -) the inner product
and sy, s3 € R are constants that are used to place the activation functions into the correct range.

For the ReLU activation, we choose s; = 1 and s = 0, which positions the activation
such that p(z(M) = 0 and ¢(z(?)) = 1. In the case of the tanh activation, setting s; = 2s5
and sy = In(3)/2 results in p(z(V) = 1/2, p(z®) = —1/2 and ¢ (3 (l‘(l) + :c(Q))) = 0.
In a regression problem with ReLU, the activation function linearly interpolates between
the two points. For classification, tanh introduces a boundary if 2! belongs to a dif-

ferent class than 2(?). Figure 2.7 illustrates the placement of the point pairs and the ac-

k) _

tivation functions. All weights up to the last linear layer are sampled so that z,”" ,

G (x[(]kz)) for k € {1,2}. The last layer is then solved to be

(Wri1,bpy1) = argmin LW &P () —bpyq), (2.18)

Wri1, bri

using the least squares method as mentioned in Section 2.1.4.

The sampling of the data points can be done uniformly or by following a heuristic that
favors points at large gradients. This is done by assigning a probability density to the
data points that takes into account the value of target function at that data point. This
probability density is given as
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Figure 2.7.: Placement of point pairs 2(!), 2(?) for activation functions ReL.U and tanh re-
spectively, taken from [10].

1fi(=)) = s

2 1 ’
max(af2) — i), ¢)

pi (a2 | (W5, 0,1 70 ) = (2.19)

in a supervised learning setting.
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3. Methods and Results

In this chapter we introduce our framework for learning dissipative Hamiltonian systems
by sampling networks. In Section 3.1, we explain our methods to construct the sam-
pled networks to model the Hamiltonian and dissipative terms of the system. We aim to
approximate Hamiltonian functions using sampled networks by using subnetworks and
physical priors. Section 3.2 contains our numerical experiments and results.

3.1. Framework for Learning Dissipative Hamiltonian Systems
by Sampling Networks

We propose a framework for learning Hamiltonian systems by sampling networks by em-
bedding the dissipation term into our model architecture. Our model is based on the Ran-
dom HNN by Rahma et al. [73, 74]. Similar to the original HNN paper, the inputs of the
Random HNN are the position and momentum of the system, x = (¢, p) and the output is
the Hamiltonian, #(z). The Hamiltonian is approximated by the neural network as

H(w) = ®(z) = W1 ®H (@) — brya ~ H(z). (3.1)

Differentiating Equation (3.1) with respect to the input state  and exploiting the linearity
of the gradient operator, we obtain

VH(z) =V (WL+1<1><L> (z) — bL+1)
=W Ve (z). (3.2)

To determine the readout weights W1, we enforce consistency between the network’s
induced vector field and the ground truth gradients derived from the training dataset D =
{(zi,4:)}E,. By evaluating the network gradients and the target values (using VH =
J ~Li) across all training samples, we construct the linear system

~

VH(z1) VoW (z) T i

= : w2l f . (3.3)
VH(zK) Vol (z)| T | gtk

~

H (o) @) (o) H(xo)

Specifically, each gradient block V() (z;) in the feature matrix is constructed by stacking
the partial derivatives with respect to the position coordinates ¢ and momentum coordi-
nates p as
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VW) (; :
[V(I)(L)(xi)} = [VZ(I)(L)E;;] = Vpl‘I)(L)($i) ) (3.4)

_vpd(I)(L) (xl)_
~—_—
ER2dXNL

where Ny, denotes the width of the final hidden layer. This formulation allows us to solve
for the optimal weights Wy directly via linear least squares. The bias term b7 is set
to fix the integration constant by adding the final row in the linear system, assuming that
the true Hamiltonian is known at the initial condition zy. The whole linear system is then
given by

VCI)(L) (fL‘l) 0 ‘_7_11‘1
: o [WLTH] L : (3.5)
Vo) (zk) 0| Lbrt J ik
@(L)(l‘g) 1 weRIL+1) H(I'O)
ACRQAK+1)X (N, +1) wER(AK+1)

We extend this framework with Random Dissipative Hamiltonian Neural Networks
(RDHNN) by the addition of a dissipative subnetwork to the model architecture similar
to the DHNN by Sosanya et al. [87]. We denote the conservative subnetwork activations
as ¢(x) and the dissipative subnetwork activations as ¢(x). The network has two sepa-
rate heads, one for the Hamiltonian and one for the dissipative term that are connected to
separate hidden layers. The ¢(z) and v(z) are passed through linear layers to yield the
Hamiltonian and dissipation of the system. The symplectic gradient of the Hamiltonian
and the dissipative gradient of the dissipative prediction are then combined to yield the
time derivative of the system. Figure 3.1 shows a schematic illustration of this architecture.

Here, the system matrix A and the target vector y are constructed to embed the sym-
plectic structure of the Hamiltonian dynamics as

Vpep(x) Vep(z) 0 q
A=|-Vle) Vo) 0, y=| p (3.6)
¢(370) 0 1 H(zg)

In this formulation, ¢(z) and v (z) represent the randomized basis functions for the
Hamiltonian and Dissipative terms. The last row of matrix A explicitly incorporates the
initial energy value H(zo) to fix the integration constant. Consequently, this method not
only approximates the vector field & = [¢,p]" but also implicitly learns the scalar energy
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Figure 3.1.: Diagram of the RDHNN architecture. The input x = (¢, p) is passed through
the conservative and dissipative subnets to yield the Hamiltonian and dissi-
pation of the system. The symplectic gradient of the Hamiltonian and the dis-
sipative gradient of the dissipative prediction are then combined to yield the
time derivative of the system. The parameters Wi, b, WP bP are sampled
using the SWIM algorithm and the parameters W bl WP are determined
by solving the linear system.
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function H(x) and the dissipation function D(x). Algorithm 2 shows the algorithm for
training the RDHNN model using the SWIM algorithm.

Algorithm 2 Algorithm for training RDHNNSs using SWIM sampling. The hidden layer
parameters are sampled using the SWIM algorithm while the last layer parameters are
determined by solving the linear system based on the gradients.

1: Data: D = {(ay,4%) | k=1,...,K}

2. P0(X) =X
Step 1: SWIM Sampling of Hidden Layer Parameters for both subnetworks.
forl=1,...,Ldo
WiH,be < sampler (SWIM)
T/VlD,le < sampler (SWIM)
end for

Step 2: Construct the linear system
Initialize A € R+ (NL+1) and 4 € R(Z4E+1)
8: Compute Vol (zp), Vil (z) € R2XNe via Autodiff
9: Calculate target u = J '3y = (—pg, gr) "
Step 3: Add the final row to A and w to fix the integration constant

10: A < [¢(‘;10) 0 1]

11: u <

N

[H(Z’o)]

Step 4: Solve for final layer weights

122 WH bl WP «+ argmin,, || Aw — ul|

13: return ¢

Having two separate heads for the Hamiltonian and dissipation is more flexible and
allows the hidden layers to be optimized independently when trained with an iterative
optimizer. However, since the uniform SWIM algorithm samples parameters in an un-
supervised manner, the performance is expected to be theoretically equivalent to hav-
ing a shared hidden layer. In order to test this, an RDHNN with a shared hidden layer
(SharedRDHNN) is also trained and compared to the RDHNN with separate hidden layers
(RDHNN). Figure 3.2 shows a schematic illustration of the SharedRDHNN architecture.

The results have shown that the SharedRDHNN achieves equivalent performance to the
RDHNN with separate hidden layers when trained with the SWIM algorithm although it
has half the number of hidden layer parameters.

The fact that both RDHNN and SharedRDHNN predict the conservative and dissipative
components allows us to generalize the dissipation in the system by scaling the dissipa-
tive component by a factor of o while keeping the conservative component unchanged.
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Figure 3.2.: Schematic illustration of the SharedRDHNN architecture. The input = (¢, p)
is passed through the shared hidden layer to yield the Hamiltonian and dis-
sipation of the system. The symplectic gradient of the Hamiltonian and the
dissipative gradient of the dissipative prediction are then combined to yield
the time derivative of the system. The parameters W7,b; are sampled using

the SWIM algorithm and the parameters W7, bl WL are determined by solv-
ing the linear system.

Through scaling, we can predict the dynamics of the system in higher or lower dissipation
environments.

As our baseline model, we use the Random HNN model only in the conservative cases
since it forces the Hamiltonian to be conserved. Due to this, in the dissipative cases, we use
the Random ODE-Net model to approximate the dynamics. Unlike the physics-informed
models, the Random ODE-Net model does not learn the Hamiltonian and dissipation
terms explicitly, nor does it incorporate the in-graph gradients of the Hamiltonian and
dissipation terms. Instead, it learns the dynamics of the system directly. Its output is the
time derivative of the system, = = [¢,p] .

3.2. Numerical Experiments

All experiments shown in this section were conducted on the x-wing0 compute node of
the HomeOne cluster at the Technical University of Munich unless otherwise specified.
The system is equipped with an AMD EPYC 7402 CPU (2.80 GHz, 24 cores) and 256 GiB of
RAM. Training was performed using a single NVIDIA GeForce RTX 3080 GPU with 10 GiB
of VRAM. The models were implemented in PyTorch with CUDA acceleration enabled.
The experiments ran on a single compute node without any distributed training.

Due to the randomness of the sampling algorithms, the models were trained 100 times
and the median of the results was taken to get the most representative results. When eval-
uating the models, we report the test errors, training times and speedup factors along with
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3. Methods and Results

the trajectory errors for the models when integrated over several thousand timesteps using
symplectic integrators. We also utilize the relative error of the models that is defined as
the ratio of the error to the ground truth norm. In all dissipative experiments, we integrate
the system until it reaches a steady state unless otherwise specified when plotting the tra-
jectory errors. An 80/20 split was used for the training and testing datasets in both SWIM
and Adam trained models. All models in this work utilize the Softplus activation function
for the hidden layers with ReLU initialization.

3.2.1. Single Pendulum

In order to test our models with a simple non-linear system, we can consider the single
pendulum system with and without damping. The system is defined with a single degree
of freedom, the angle 0 of the pendulum. The Hamiltonian is defined as

2

B B P
H(z) = mgl(1 — cos(q)) + 52 (3.7)

with the partial derivatives
Vo H(x) = mglsin(g), V,H(z) = —, (3.8)

where m is the mass of the pendulum, [ is the length of the pendulum, g is the accelera-
tion due to gravity, ¢ is the angle of the pendulum and p is the angular momentum.
For simplicity, we set m = [ = g = 1 and aim to approximate the Hamiltonian

2
H() = (1~ cos(q)) + (3.9)

for domains [—27, 27| x [—1,1] and [—2m, 27] x [—-2m7, 27]. Figure 3.3 shows the corre-
sponding ground truth Hamiltonian phase plots for the system. In order to model dissi-
pation, we introduce a damping term on the angular momentum, p. The update term for
the angular momentum is then given by

p =V H(x) — pp = —mglsin(q) — pp, (3.10)

where p is the damping coefficient. In our experiments, we trained 4 models on the
system across different layer widths and dataset sizes for both the conservative and dissi-
pative cases. The models used are the Vanilla HNN, MLP, RDHNN and SharedRDHNN.

Figures 3.4 and 3.5 show the scaling results for the conservative and dissipative cases
respectively, for the SWIM trainer. In the hidden layer width scaling experiments, the
dataset size, |D| is set to 10,000 while in the dataset size scaling experiments the hidden
layer width is 1500.

In the conservative system, all models reach low approximation errors on both domains,
with significantly lower error on the narrower domain. We observe all HNN based models
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Figure 3.3.: Ground truth Hamiltonian phase plots for the single pendulum system in
Equation (3.9) for the domains [—27,27] x [—1,1] and [—2m,27] x [—6, 6] re-
spectively with iso-contours of the Hamiltonian.

outperforming the MLP across all layer widths and dataset sizes. Furthermore, all HNN
based models show comparable performance across the board. However, we observe the
HNN model outperforms the others for smaller dataset sizes. This can be explained by
its less complex architecture where the RDHNN and SharedRDHNN models also learn a
dissipative field that offers no theoretical benefit in the conservative scenario. Figure 3.6
shows the rollout errors for the conservative system. The Hamiltonian of the MLP pre-
dictions diverge from the true Hamiltonian at a significantly higher rate compared to the
physics-informed models when integrated over time in the evaluation phase. In the MLP,
the system slowly gains energy over time and diverges. The HNN based models depict
comparable behavior and errors, with RDHNN and SharedRDHNN having the edge over
the HNN.

In the dissipative system, as expected, we observe the HNN failing to adapt to the dissi-
pation and learn the correct flow field. Both RDHNN and SharedRDHNN models learn the
field with very low approximation errors and outperform the MLP. On Figure 3.7, we plot
the phase space mean squared error of the three models in comparison for both SWIM and
Adam optimizers. In both comparisons, models that utilized the Adam optimizer were
trained for 2 million iterations. Compared to the MLP, SharedRDHNN performs better
with more stable long term behavior when trained with both SWIM and Adam.

Despite having a single hidden layer, SharedRDHNN is able to match the performance
of RDHNN when trained with SWIM. This is an expected consequence of the SWIM
trainer. Since both subnetworks are sampled from the same distribution and with uniform
probability densities having the second network does not offer any additional benefit.

Another important observation is the difference in training times between the Adam and
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Figure 3.4.: Hidden layer width scaling results for the conservative single pendulum sys-
tem in Equation (3.9) for the SWIM trainer. The top row shows the domain
[—27, 271] x [—27, 27r] and the second row shows the domain [—27, 27] x [—1, 1].
The experiments are performed with a dataset size of 10000 points. The bottom
row shows the dataset scaling results with a hidden layer width of 1500 on the
domain [—27, 27| x [—2m, 27].
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Table 3.1.: Comparison of training times (t) and relative test errors (¢) for models with a
hidden layer width of 100.

Model tadam (5) tswim () Speedup €Adam ESWIM
MLP 2566.93 0.0144 18x10° 1.7x107% 15x10°°
RDHNN 9418.16 0.0426 2.2x10° 6.6x 1075 7.6x 1077

SharedRDHNN  9219.32 0.0260 3.5x10° 7.2x107° 7.3x10°7

SWIM optimizers. Table 3.1 shows the training times and relative test errors for the mod-
els with a hidden layer width of 100. We observe that the SWIM optimizer is significantly
faster than the Adam optimizer with speedup factors ranging from 2.2 x 10° to 3.5 x 10°.
This is an expected consequence of the SWIM optimizer’s ability to train the models in
a more efficient way since it only trains the last linear layer and it does not need itera-
tive optimization since it is a convex problem. In this comparison, the Adam optimizer
was trained for 2 million steps with a batch size of 512 and with learning rate scheduling
between 1072 and 10~° that corresponds to over 120,000 epochs. The corresponding loss
curves can be found in Figure A.3. Furthermore, especially in Adam trained models, we
observe the physics-informed models are significantly slower than the MLP. As we have
to compute the gradients of the Hamiltonian with respect to the inputs after each forward
pass, the training time is 3-4 times slower than the MLP with iterative optimization. Also,
the loss functions of the physics-informed models are more complex and require more
computational resources to compute, which further slows down the training process.

We plot the conservative and dissipative prediction fields of SharedRDHNN and RDHNN
in Figure 3.8. We observe that although SWIM trained models are more accurate, the im-
plicitly learned dissipative and conservative fields are not as well defined as their Adam
trained counterparts. While SWIM trained models are very efficient to build an accurate
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prediction, their learned conservative and dissipative fields appear highly irrotational. To
quantitatively compare these fields, the domain [—27, 27] x [—27, 27| is discretized into
a grid of 100x100 points and the predictions of both subnetworks are compared. For the
Adam trained SharedRDHNN, the mean norms of the conservative and dissipative pre-
dictions within the grid are 3.63 and 5.56 respectively. For the SWIM trained case, we see
significantly higher activations with around 7.70 x 10° in both fields.

To resolve this, we modified the vector field to have zero-mean by subtracting the mean
of the predictions from all elements. This revealed a more flow-like behavior in the vector
field, as shown in Figure 3.9. However, we still do not observe the rotational and irro-
tational decomposition in the vector field. This behavior differs from the damped mass-
Spring system or the RLC circuits in explained in Section 3.2.2, where the Helmholtz de-
composition is observed evidently with little to no error. We characterize the discrepancy
in field reconstruction accuracy between the mass-spring system and the pendulum by the
algebraic properties of their respective vector fields.
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3. Methods and Results

Linear Case: Unique Matrix Decomposition

For the damped mass-spring system, the true dynamics are linear and governed by a con-
stant matrix A € R2?%24 The vector field is given by:

. 0 1]|q
T=Azx= {—kz —p] [p} . (3.11)

The model attempts to approximate this using a quadratic Hamiltonian #(z) = 12" Muz
and a constant dissipation matrix D. The choice of a quadratic Hamiltonian and constant
dissipation arises from the physical definitions of the harmonic oscillator. The total energy

kq?

of a linear spring is given by H = % + ~4-, which can be expressed in the quadratic
1T

form 52* M. Furthermore, linear viscous damping (I o< —¢) implies that the dissipation
operator acting on the gradient must be state-independent (constant D) to preserve the
linearity of the vector field. The learned dynamics take the form:

Tpred = (J — D)VH(z) = (J — D)Ma. (3.12)

Assuming the network correctly identifies the mass matrix M ~ I since weset m =k =1,
the learning problem reduces to decomposing the system matrix A into conservative and
dissipative components:

A= J-D. (3.13)

This decomposition is algebraically unique since any square matrix A can be uniquely sep-
arated into its skew-symmetric and symmetric parts through the Toeplitz decomposition
as

1

J = §(A — AT) (Conservative, Skew-Symmetric), (3.14)
1

-D = §(A + AT) (Dissipative, Symmetric). (3.15)

Since the mathematical structure offers a one-to-one mapping between the system matrix
A and the tuple (7, D), the network has no freedom to “mix” the fields.

Non-Linear Case: Functional Gauge Ambiguity

For the simple pendulum, the dynamics are non-linear due to the sinusoidal restoring force
to be

= f(z) = ﬂwmﬁw_@. (3.16)

The RDHNN models this field via state-dependent functions as

j:pred = (j - D¢($))VH9(.%’) (317)
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Figure 3.10.: Mean square error of the on the dissipative pendulum system where the
models are trained on the domain [—2, 2] x [-2,2] and tested on the domain
[—5, 5] x [=5, 5]. The models have a hidden layer width of 100 and are trained
with the SWIM optimizer.

Unlike the linear case, there is no unique algebraic decomposition for an arbitrary vector
field f(x) into symplectic and dissipative components.

Let (H*, D*) be the ground truth solution. The network may find an alternative solution

(H,D) such that:

(J = D(z))VH(z) = (J —D*(x))VH"(z) = f(x). (3.18)

For example, if the network learns a distorted Hamiltonian # that includes a portion of
the dissipative force (e.g., a “tilted” potential), it can compensate by learning a warped
dissipation matrix D(z) that rotates the gradient back to the correct direction. Since the
least squares solution that we calculate minimizes the error ||ipcq — @true||? only penalizes
the net vector field, this “cancellation error” is invisible to the optimization process which
leads to physically incorrect individual fields despite accurate total trajectory prediction.

In order to test the generalization capabilities of the models, we conducted further ex-
periments where we trained the models on the domain [—2, 2] x [—2, 2] and tested on the
unseen domain [—5,5] x [—5, 5] to perform an extreme scaling test since all the models
could capture the training domain very well. Figure 3.10 shows the mean square error of
the models on the test domain. We observe that the RDHNN and SharedRDHNN models
are able to generalize to the larger domain with significantly lower error than the MLP. This
is expected as physics-enhanced models tend to better extrapolate, using the Hamiltonian
bias in this case.
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3. Methods and Results

3.2.2. Mass-Spring System and RLC Circuits

We consider a system where a mass attached to a spring and damper, connected to a wall,
is displaced from its equilibrium position. The Hamiltonian of the mass-spring system is
given by

1( )—1k2+i (3.19)
4,p) = B q om’ .
with the partial derivatives

VH(q,p) = kq,V,H(q,p) = %, (3.20)

where £ is the spring constant, m is the mass, ¢ is the position and p is the momentum. For
simplicity, we set k = m = 1 and aim to approximate the Hamiltonian
1, p?

Ha.p) = 50+ 5 (3.21)

for the domain [—2, 2] x [—2,2]. Similar to the single pendulum system, we introduce a
damping term on the momentum, p. The update term for the momentum is given by

p=VyH(q,p) — pp = kq — pp, (3.22)

where p is the damping coefficient. Another system we consider along with this system is
the RLC circuit where a resistor R, capacitor C and inductor L are connected in series. In
this representation, ¢ represents the charge of the capacitor. The Hamiltonian of the RLC

circuit is given by
2 2

1
H(q,p) = 5% + 57’ (3.23)

with the partial derivatives

VH(q,p) = z_ Ve, VpH(q, p) =

- -, (3.24)

where v, is the voltage across the capacitor and 7 is the current through the inductor.
With the identifications
1
m<+< L, and k<« rok (3.25)
it can be seen that the two systems are dynamically equivalent to each other. Figure 3.11
shows the corresponding ground truth Hamiltonian phase plots for the systems.
Figure 3.12 shows the scaling results for the conservative and dissipative cases respec-
tively for the SWIM trainer while Figure 3.13 shows the results for the RLC circuit. In the
hidden layer width scaling experiments, the dataset size, |D| is set to 10,000 while in the
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Figure 3.11.: Ground truth Hamiltonian phase plots for the mass-spring system on the left
and the RLC circuit on the right showing iso-contours of the Hamiltonian in
their respective phase spaces.

dataset size scaling experiments the hidden layer width is 1500. We observe all models
learning the system dynamics well and achieving low approximation errors with the MLP
having the lowest error. In the conservative case, all HNN based models have similar
performance. Since we trained the SWIM trained models 100 times and took the median
of the results, the performance of the RDHNN and SharedRDHNN models are virtually
identical.

In Figure 3.12, we plot the errors of the models on the hidden layer scaling experiments,
grouped by the trainer type on the bottom row. The results show that the SWIM trained
models are able to train at a fraction of the time required by the Adam trained models
while massively outperforming them in terms of error. In this specific experiments, Adam
trained models were trained for 2 million steps with learning rate scheduling.

We plot the dissipative and conservative vector fields for the RDHNN and SharedRDHNN
models on the dissipative mass-spring system in Figure 3.14. Similar to the single pendu-
lum system, we observe quite high activations in both fields that cancel each other out.
When we zero-mean each field, the flow-like behavior becomes more apparent. This is
shown on Figure 3.15 where the zero mean fields are plotted for the SWIM trained models.
It can be seen that both models replicate the ground truth vector field quite well where
the rotational and irrotational components are clearly visible. However, we have seen that
the learned decomposition also heavily depends on the seeds for the sampling algorithm
as successive runs ended up with slightly different decompositions that have comparable
errors. The most common error mode in the learned decomposition is predicting a slightly
tilted irrotational component as shown in Figure 3.16.

Similar to the single pendulum system, we observe a significant speedup in the training
time of the SWIM trained models compared to the Adam trained models along with a
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Figure 3.12.: Hidden layer width scaling results for the mass-spring

Model Comparison: Test MSE

L

.
adam

swim

system in Equa-

tion (3.21) for the SWIM trainer. The top row shows the results of the conser-
vative system and the second row shows the results of the dissipative system.
The experiments are performed with a dataset size of 10000 points. The bot-

tom row shows the trainer comparison results between the Adam and SWIM
optimizers in the dissipative system.
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Figure 3.16.: Tilted decompositions learned for the SWIM trained RDHNN and Share-
dRDHNN models on the dissipative mass-spring system with different seeds.

Table 3.2.: Comparison of training times (¢) and relative test errors () for models with
width W = 100 on the dissipative mass-spring system. Adam trained mod-
els were trained for 2 million steps with learning rate scheduling.

Model {Adam (8) tswmm () Speedup €Adam ESWIM
MLP 2734.47 0.0127 2.1 x10° 3.1x10° 4.1 x 10712
RDHNN 9246.49 0.0557 1.7x10° 2.6x10"* 3.4x 10710

SharedRDHNN  9701.73 0.0233 4.2x10° 1.9x107* 3.2x 10710

significant improvement in the error of the models. Table 3.2 shows the training times and
relative test errors for the models with a hidden layer width of 100 and a dataset size of
10000 points on the dissipative mass-spring system.

3.2.3. Morse and Duffing Oscillators

In this section, we investigate the performance of our models on two well-known nonlin-
ear oscillators, the Morse [56, 64] and Duffing [103, 21] oscillators. Unlike the simple har-
monic oscillator or linear mass-spring systems, these oscillators feature exponential and
higher-order polynomial terms in their potential energy functions. This increased com-
plexity in their Hamiltonian formulations provides a more rigorous test of the models’
ability to capture nonlinear dynamics beyond the linear regime.

The Morse oscillator is based on a nonlinear potential energy function called the Morse
potential. The Morse potential is used to model the potential energy of a diatomic molecule
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3. Methods and Results

or the interaction between an atom with a surface. This potential is given by

V(g) = Dy(1 — e )2, (3.26)

where D,, is the depth of the potential well, « is the parameter that controls the width of
the well and ¢ is the displacement from the equilibrium position. The Hamiltonian of the
Morse oscillator is given by

p2

2m

H(g,p) = 4 Dy (1 — e729)2, (3.27)

where m is the mass with the partial derivatives

V,H(q,p) = —2Dya(e 1 — e=209), V,H(q, p) = %. (3.28)

For our experiments, we set D,, = @ = m = 1. The Hamiltonian is then given by

pQ

2

The Duffing oscillator can be described as a mass-spring system with a nonlinear spring,
damping and a forcing term. The equation of motion for the Duffing oscillator is given by

H(g,p) = + (1 —e 9> (3.29)

i+ 64+ ag+ Bg® = v cos(wt), (3.30)

where ¢ is the damping coefficient, « is the spring constant, § is the nonlinear spring
constant, w is the forcing frequency and + is the amplitude of the forcing term. The Hamil-
tonian of the Duffing oscillator without the forcing term or damping is given by

2
p aqo 1.y
= — 4+ — - 31
Hlap) =5+ 54"+ B0, (3.31)
with the partial derivatives
p

VoH(a,p) = aq+ B¢°, VyH(gp) = —, (3.32)
where m is the mass. For our experiments, wesetm =1, « = —1, § = 5 and § = 0 For the

dissipative cases, we set § = 0.12. The Hamiltonian is then given by

2
P ly 5,
5 50 " (3.33)

Figure 3.17 shows the phase space plots for the Morse and Duffing oscillators with the
parameters from Equation (3.29) and Equation (3.33) respectively.

H(q,p) =
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Figure 3.17.: Phase space plots for the Morse Oscillator (left) with the parameters from
Equation (3.29) and Duffing Oscillator (right) with parameters from Equa-
tion (3.33).

Figure 3.18 shows the hidden layer width scaling MSE and model comparison results
for the Morse oscillator system with the parameters from Equation (3.29). In the conserva-
tive case, we observe all physics based models performing similarly with the MLP having
slightly higher error. This trend is followed in the dissipative case also where all models
learn the system dynamics well with MLP having slightly higher error.

We then test the rollout prediction error of the models on the same dissipative system
and integrate until the system reaches steady state. Figure 3.19 shows the rollout predic-
tion errors in this setting for ¢ and p, trained with the SWIM optimizer. Over the course of
the integration, we observe a marginal performance improvement in SharedRDHNN and
RDHNN over the MLP.

To illustrate the impact of different trainers, we show the rollout prediction errors for
the Adam and SWIM optimizers in Figure 3.20. For every model and every hidden layer
width, we observe the SWIM optimizer significantly outperforming the Adam optimizer
by several orders of magnitude in terms of rollout prediction error.

The results on the Morse Oscillator (Table 3.3) provide the strongest evidence for the
fundamental difference in scaling behavior between gradient-based optimization and the
proposed SWIM method. While Adam exhibits diminishing returns and stagnated error
rates as network width increases, SWIM behaves akin to a high-order numerical method.
For the proposed method, increasing the network width directly translates into a five-
order-of-magnitude reduction in error, dropping from ~ 1075 to ~ 1071%. This issue in
scaling Adam is further amplified by the lack of hyperparameter tuning and the use of
learning rate scheduling specific to the hidden layer width. This need for hyperparameter
tuning is not present in the SWIM optimizer, which significantly increases the scalability
of the training process.

We plot the zero-mean predicted conservative and dissipative vector fields for the SWIM
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Figure 3.20.: Comparison of SWIM and Adam optimizer performance for the dissipative
Morse oscillator with a hidden layer width of 1500 and a dataset size of 10000
points. The left plot shows the Hamiltonian error over time, while the right
plot depicts the phase space MSE.

Table 3.3.: Comparison of training metrics for the Morse Oscillator system at widths W =
100 and W = 1500. ¢ denotes training time (seconds) and e denotes relative test

error.
Model Width  tagam (S) tswimm (s) Speedup €Adam ESWIM
MLP 100  2894.80 0.0125 23 x10° 69x107° 1.0x107°
MLP 1500  3623.98 0.3269 1.1x10* 25x107* 1.4x107°
RDHNN 100  6992.80 0.0436 1.6 x10° 23x107* 1.8x107°
RDHNN 1500 10968.53 09220 12x10* 51x10~* 4.7x 10710
SharedRDHNN 100  9758.28 0.0235 42x10° 14x10~* 18x107°
SharedRDHNN 1500 10920.77 09198 1.2x10* 33x107* 4.4x10710
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Morse oscillator system with a damping coefficient of 2. Dataset size is 10000
1500.
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3.2. Numerical Experiments

and Adam optimizers for the dissipative Morse oscillator system in Figure 3.21. Similar to
the previous experiments, we observe that the learned vector fields are highly dependent
on the seed when trained with the SWIM optimizer. Although different seeds yield overall
similar training errors, the decomposed vector fields differ visually. When trained with the
Adam optimizer, the decomposed vector fields illustrate the flow characteristics similar
to the ground truth where a clear separation between the rotational and the irrotational
components is visible.

Having established the strong performance of SWIM trained models on the Morse oscil-
lator, we now turn to the Duffing oscillator to examine whether these results generalize to
systems with polynomial nonlinearities. While the Morse potential involves exponential
terms, the Duffing oscillator features a cubic restoring force, providing a complementary
test case for evaluating the proposed methods.

We perform the same hidden layer width scaling experiments on the Duffing oscillator
with the Hamiltonian from Equation (3.33). As with the Morse system, we use a dataset
size of 10,000 points and vary the hidden layer width to evaluate model performance in
both the conservative and dissipative settings. Figure 3.22 shows the model performance
and comparisons for the conservative and dissipative systems respectively. In both cases,
we observe all models learning the system dynamics well and performing similarly, where
physics based models illustrate a slight performance advantage over the MLP for larger
hidden layer widths.

To compare the performance of the two training approaches, we evaluate the phase
space MSE over time for the dissipative Duffing system in Figure 3.23. Consistent with
our findings on the Morse oscillator, SWIM trained models outperform their Adam trained
counterparts by several orders of magnitude across all model architectures. This result
reinforces the previous finding that SWIM’s direct solution approach yields superior gen-
eralization on rollout predictions even for systems with fundamentally different nonlinear
characteristics.

Figure 3.24 compares the zero-mean decomposed vector fields learned by SWIM and
Adam trained SharedRDHNN models against the ground truth. The Adam trained model
produces conservative and dissipative components that visually match the ground truth
patterns. In contrast, the SWIM trained model learns a different decomposition that does
not resemble the ground truth structure. However, when the conservative and dissipative
fields are combined, the SWIM model achieves significantly lower prediction error. This
observation, consistent with the Morse oscillator results, suggests that the decomposition
learned by SWIM may not be physically interpretable even though it remains functionally
accurate for predicting system dynamics.

The scalability results for the Duffing system (Table 3.4) reinforce the divergence in scal-
ing behavior observed in previous experiments. Notably, Adam exhibits a clear case of op-
timization saturation. When the network width is increased from W = 100 to W = 1500,
the test error actually degrades across all models. For instance, the Shared RDHNN error
rises from 4.0 x 10~*to 1.1 x 1073, Ttis important to note that for all Adam experiments, we
used a fixed training budget of 2 million iterations with identical hyperparameters (learn-
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Table 3.4.: Scalability Analysis: Comparison of training metrics for the Duffing system at
widths W = 100 and W = 1500. ¢ denotes training time (seconds) and e denotes

relative test error.

Model

Width

tAdam (S)

tswim ()

Speedup

€Adam ESWIM

MLP
MLP

RDHNN
RDHNN

SharedRDHNN
SharedRDHNN

100
1500
100
1500
100
1500

3050.52
3608.18
9675.12
10887.06
9707.52
10995.61

0.0128
0.3269
0.0432
0.9192
0.0233
0.9204

2.4 x 10°
1.1 x 104
2.2 x 10°
1.2 x 10*
4.2 x 10°
1.2 x 10*

3.1x107°
1.6 x 1074
1.0 x 1074
7.1x 1074
4.0 x 1074
1.1 x 1073

1.0 x 1078
1.4 x 10712
5.0 x 1078
8.1x 10713
5.1 x 1078
7.8 x 10713
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3. Methods and Results

ing rate, batch size, etc.) across all network widths. This fixed configuration, while prac-
tical for systematic comparison, may be insufficient for larger models that require longer
training or adjusted learning rates to converge properly.

In contrast, SWIM requires no such hyperparameter tuning. The method directly solves
for the output layer weights given the randomly sampled hidden layer, eliminating the
need to adjust learning rates or training duration as the network size changes. This char-
acteristic gives SWIM a distinct advantage in width scaling experiments, as it can leverage
the increased capacity without additional configuration. The error drops by approximately
five orders of magnitude, from ~ 5 x 1078 to ~ 8 x 107!3, approaching machine precision.
This demonstrates that SWIM successfully utilizes the over-parameterized feature space
to resolve the underlying dynamics with high accuracy.

The computational disparity between the two approaches is substantial. While Adam
requires over 3 hours to reach a suboptimal solution with error on the order of 10~3, SWIM
achieves almost machine-precision level accuracy in under a second. These results, com-
bined with the findings from the Morse oscillator, suggest that SWIM provides a robust
and efficient alternative to gradient-based optimization for learning Hamiltonian systems
with diverse nonlinear characteristics.

We also attempted to train models on the driven Duffing oscillator, which includes an
external periodic forcing term +cos(wt). However, the current architecture only takes
the state variables (g, p) as input and does not incorporate time as an explicit parame-
ter. As a result, the models cannot capture time-dependent dynamics and are limited to
autonomous systems. Extending the framework to handle non-autonomous systems with
explicit time dependence remains a direction for future work.

3.2.4. Double Pendulum System

In this section, we consider the double pendulum system. This system consists of two
pendulums where the second pendulum is attached to the end of the first pendulum while
the first pendulum is attached to a wall. Different from the previous systems, there are two
degrees of freedom in this system, the angles of the two pendulums. Although the system
is created by stacking two single pendulums, it is not a simple extension of the single
pendulum system as the system’s behavior is significantly more chaotic and complex. In
this system, the Hamiltonian is given by the sum of the kinetic and potential energies,
H(q,p) =T + V where T and V are the kinetic and potential energies that are defined as

mal3p? + (m1 + ma)l3p3 — 2malilopips cos(qr — q2)
szl%l% C ’

V = —(mq + ma)gly cos(q1) — magls cos(qz), (3.35)

T = (3.34)

where m; and my are the masses of the first and second pendulums, /; and /5 are the
lengths of the first and second pendulums, g is the acceleration due to gravity, ¢; and ¢
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3.2. Numerical Experiments

are the angles of the first and second pendulums, p; and p; are the angular momenta of
the first and second pendulums, and C'is a helper term defined as

C = my +masin®(q1 — q2) (3.36)

We define the helper terms h; and hs to simplify the partial derivatives of the Hamilto-
nian as

pip2sin(q1 — g2)
h1 = 3.37
b — mal5pi 4 (m1 + ma)Ip3 — 2malilapips cos(q1 — ga) 338
2= 272 (12 : (3.38)
2WIEC

The partial derivatives of the Hamiltonian are

OH

qu = (m1 + mg)gll sin(ql) + h1 — ho SiH(Q(ql — QQ)), (339)
OH ) .

s = maglasin(qz) — h1 + hesin(2(q1 — ¢2)), (3.40)
OH  lap1 — lipa cos(q1 — q2)

— = 3.41
8p1 l%lg C ’ ( )
OH  (m1+ mg)lipa — malapi cos(q1 — ¢2)

— = . 3.42
8p2 mglll% C ( )

This Hamiltonian is shown on Figure 3.25 for different slices of the phase space. For
systems with n degrees of freedom, the state space extends to x = (q,p) € R?", where
q = (q1,...,qn) are generalized coordinates and p = (p1, .. ., p,) are generalized momenta.

For the double pendulum (n = 2), the input is x = (q1, g2, p1,p2) " € R*, and the govern-
ing equations become:

0Heg OD
. _ e | 9%

i = , 1=1,2 3.43

4 Op; 0q; ! (3.43)
D

po— Mo [ ODs (3.44)
0q; Op;

The RDHNN architecture remains structurally identical with two scalar-valued neural
networks learning the Hamiltonian and Rayleigh dissipation functions over the extended
state space. However, the input and output dimensions are increased to match the number
of degrees of freedom as shown in Figure 3.26.

Figure 3.27 shows the hidden layer width scaling mean squared error results and model
comparison for the double pendulum system when trained with the SWIM trainer. In
all experiments, we use unit masses (m; = my = 1), unit lengths (I; = I = 1), and
gravitational acceleration ¢ = 1. The dataset size D is set to 10,000. As opposed to the
single pendulum system, we see that in both the conservative and dissipative cases, all
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Figure 3.25.: Sample Hamiltonian landscape slices of the double pendulum system in the

phase space. These slices illustrate the complex Hamiltonian structure result-
ing from the interaction between the two pendulum arms.
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Figure 3.26.: Diagram of the RDHNN architecture for the double pendulum system. The
input « = (q1, g2, p1, p2) represents the two pendulum angles and their conju-
gate momenta. The conservative subnet outputs the Hamiltonian #, whose
symplectic gradient provides the conservative dynamics. The dissipative sub-
net outputs D, whose gradient contributes damping.

models significantly struggle to learn the system dynamics where the test MSE is orders
of magnitude higher than that of other systems investigated in this work. In both cases,
all physics-based models perform similarly, with the MLP achieving lower error at smaller
hidden layer widths. As the width increases, all models converge to a similar error. It is
important to note that the physics-based models utilize the increasing hidden layer width
better than the MLP, as the inductive bias of said models makes it less likely to overfit to
the data and more likely to generalize well.

When the models were tested on their trajectory predictions when integrated over time,
since the system is highly chaotic and the models have relatively high errors in their pre-
dictions, all models diverge from the true trajectory rapidly. Depending on the arbitrarily
chosen initial conditions, their comparative performance varies greatly. This makes it dif-
ficult to draw meaningful conclusions from the predicted trajectories.

To further investigate the scaling behavior of SWIM relative to Adam on this challenging
system, we compare training metrics at two representative network widths in Table 3.5.
The results reveal distinct scaling behaviors between the two optimizers. Increasing the
network width from W = 80 to W = 1500 acts as an effective mechanism for reducing
error in SWIM-trained models. For the RDHNN, the error drops from approximately 15%
to 3.8% which represents a nearly 4x improvement. In contrast, Adam’s error remains
relatively stagnant at around 1.3%. As with the other experiments, Adam was trained with
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Figure 3.27.: Hidden layer width scaling mean squared error results and model compar-
ison for the double pendulum system with the SWIM trainer. The top row
shows the conservative system and the bottom row shows the dissipative sys-
tem with a damping coefficient of 2. The experiments are performed with a
dataset size of 10000 points.

Table 3.5.: Scalability analysis: comparison of training metrics for the double pendulum
system at widths W = 80 and W = 1500. ¢ denotes training time (seconds) and
e denotes relative test error.

Model Width

75Adam (S)

tswim (s)  Speedup €Adam ESWIM
MLP 80 528.96 0.0194 2.7x10* 1.7x1072 13x10°1
MLP 1500 1269.81 04549 28 x10% 1.5x1072 4.0 x 1072
RDHNN 80 426223 0.1245 3.4 x10* 13x1072 1.5x 107!
RDHNN 1500  6021.06 22245 2.7x10% 1.3x107%2 3.8 x 1072
SharedRDHNN 80 424224 0.0748 5.7x10* 1.8x 1072 1.5x 10!
SharedRDHNN 1500 3071.55 21638 1.4x10° 1.5x1072 3.8 x 1072
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a fixed budget of 2 million iterations and identical hyperparameters across all network
widths. This fixed configuration may be insufficient for the larger models, and the stagnant
error suggests that without width-specific tuning of learning rates or training duration, the
iterative optimizer struggles to leverage the additional capacity.

At low widths (W = 80), SWIM exhibits an error roughly 10x higher than Adam. How-
ever, in the over-parameterized regime (W = 1500), this gap narrows to a factor of approx-
imately 3. This trend suggests that SWIM offers a uniquely scalable approach as it allows
one to trade minimal computational time (on the order of seconds) for substantial gains
in accuracy through wider networks. The persistent accuracy gap can be attributed to the
random feature approximation inherent to SWIM. Sampled activations in the hidden layer
may not be well-suited to capture the complex, highly nonlinear dynamics of the chaotic
double pendulum system.

Despite SWIM’s lower accuracy, the speedup factors remain striking. Even for the
largest networks (W = 1500), SWIM completes training in approximately 2 seconds com-
pared to over an hour for Adam, representing speedups of 103~10*x. The double pen-
dulum system thus represents a challenging benchmark where chaotic dynamics limit the
effectiveness of randomly sampled features, yet SWIM'’s computational efficiency still en-
ables rapid exploration of model architectures and hyperparameters that would be infea-
sible with gradient-based optimization.
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4. Conclusion

This thesis investigated the application of random feature neural networks to learning dis-
sipative Hamiltonian systems. Building on the Random HNN framework, we extended
the approach to accommodate dissipation through the Random Dissipative Hamiltonian
Neural Network architecture. The hidden layer parameters are sampled using the SWIM
algorithm while the output layer weights are determined by solving a linear least squares
problem. We additionally proposed the SharedRDHNN variant with a shared hidden
layer for both the Hamiltonian and dissipation heads. The proposed methods were eval-
uated on systems of varying complexity, including the mass-spring system, single pendu-
lum, Morse and Duffing oscillators, and the chaotic double pendulum.

SWIM trained models achieve computational speedups of 103 to 10° times compared to
Adam across all tested systems in the training time. On systems with moderate complexity
such as the Morse and Duffing oscillators, SWIM trained models achieve superior accuracy
with errors approaching machine precision at large network widths. The SharedRDHNN
performs equivalently to the RDHNN when trained with SWIM, confirming that separate
hidden layers are unnecessary under this sampling scheme.

A key advantage of the SWIM-based approach is the elimination of hyperparameter tun-
ing. Unlike gradient-based methods that require careful selection of learning rates, batch
sizes, and training durations for each network configuration, SWIM uses fixed hyperpa-
rameters determined solely by the activation function. The experiments also revealed that
Adam’s performance can stagnate or degrade at larger widths when hyperparameters are
held fixed, whereas SWIM consistently benefits from increased network capacity.

Several directions emerge for future work. The current framework assumes autonomous
systems without explicit time dependence. Extending the architecture to incorporate time
as an input would enable learning of non-autonomous systems with external forcing, such
as the driven Duffing oscillator. Additionally, a hybrid approach combining SWIM initial-
ization with gradient-based fine-tuning could achieve the benefits of both methods, using
rapid SWIM training for initial convergence followed by Adam for precision improve-
ments. Extending the framework to systems with more degrees of freedom and inves-
tigating scaling behavior in higher dimensions present important directions for broader
applicability. Finally, adapting the SWIM sampling approach to graph neural network
architectures could enable efficient learning of multi-body Hamiltonian systems with in-
teracting components.
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A. Detailed Descriptions

Single Pendulum - Gradient w.r.t. q

—44

-6 -4 -2 0 2 4 6

Figure A.1.: Gradient of the ground truth Hamiltonian for the single pendulum system in

Equation (3.9).

Regular Mass Spring - Gradient w.r.t. q

-2.0

Figure A.2.: Gradient of the ground truth Hamiltonian for the mass spring system for the

domain [—27, 27| x [—1,1].
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A. Detailed Descriptions

Training Loss Curves (Adam)
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Figure A.3.: Loss curves for the dissipative single pendulum system for the domain
[—2m, 27| x [—2m, 27| with a damping coefficient of 2.

Rlc Circuit - Gradient w.r.t. q Rlc Circuit - Gradient w.r.t. p
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1.5 1.5
1.0 1.0
0.5 . 0.5
3 U
a 00 T o oo 00 =
3 S
-05 -0.5
-1.0 -1.0
-15 -15
-2.0 -2.0

0.0 0.5 1.0 15 2.0

Figure A.4.: Gradient of the ground truth Hamiltonian for the RLC circuit for the domain
[—2,2] x [-2,2].
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Training Loss Curves (Adam)

1
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Figure A.5.: Loss curves for the dissipative mass-spring system for the domain [-2,2] x
[—2, 2] with a damping coefficient of 2.
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Figure A.6.: Gradient of the ground truth Hamiltonian for the Duffing oscillator from
Equation (3.33).
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A. Detailed Descriptions

Morse Oscillator - Gradient w.r.t. q
(Conservative Hamiltonian H, without dissipation)

Morse Oscillator - Gradient w.r.t. p
(Conservative Hamiltonian H, without dissipation)
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Figure A.7.: Gradient of the ground truth Hamiltonian for the Morse oscillator in the do-
main q € [—1, 3], p € [-2, 2] with the parameters from Equation (3.29).

Test Loss Curves (Adam)
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Figure A.8.: Comparison of loss curves for the damped Morse oscillator system from Equa-
tion (3.29) trained with Adam optimizer.
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Test Loss Curves (Adam)
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Figure A.9.: Loss curves for the dissipative Duffing oscillator system trained with the
Adam optimizer.

Test Loss Curves (Adam)
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Figure A.10.: Loss curves for the double pendulum system with a damping coefficient of
2.
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